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1. The paper contains TWO printed pages and ONE part. Attempt any FIVE FULL ques-
tions.

2. All multiple choice questions have one or more correct option. Write all the correct options
in your answer booklet. True or False questions must be correctly justified.

3. For question 3 answer either parts a and b or parts ¢ and d.

4. Calculators are allowed.

a) Let Eq and Fy € Z(R™). Then show that Fy U Ey € Z(R"™). Further, if E1 N Ey = () then
show that m.(E1 U E2) = my(E1) + ms(Ea). [7]

o

b) True/False: The set U {(z,y) € R?: y = (n+ 1)z} has measure zero in (R?, Z(R?), ,,)
n=1

where ¢ is the origin in R2. [3]

a) Let (X,S, ) be a measure space. Show that if {E;} is a countable collection of subsets

of X in § such that Fy O Ey D FE3--- and p(E,,) < oo for some m then, ,u( ﬂ EZ) =
i=1
lim u(E,). [5]

n—o0

b) Let (X,S, ) be a measure space and let f : X — R be a strictly positive measurable

function. Show that the function — is measurable. [5]

a) Prove Lusin’s Theorem: “Let £ C R"™ be a set of finite measure. Let f : E — R be a
measurable function. For every € > 0 there exists a measurable set A. C E such that
m(E \ A:) < ¢ and f|4_ is continuous.” [8]

b) Let A and B be two subsets of a measure space X. Which of the following is(are) true?

[2]
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i. ACB = x, <Xxs iii. ACB = x, > X5z

. X,4np = min{x,, Xz} V. Xanp = max{x,, Xz}

OR
c) Let (X,S, ) be a measure space and let ¢ and ¥ be simple functions defined on X. Let
a,b € R. Show that / (ad + by)du = a/ odp + b/ 1du. Also show that

‘/ ¢>du‘ /|¢Idu [7]

d) True/False: A constant function on N is integrable with respect to the Lebesgue measure
but not with respect to the counting measure. [3]

a) Prove the Bounded Convergence Theorem: “Suppose {f,} is a sequence of measurable
functions that are all bounded by M and supported on a set E of finite measure and
fn — f almost everywhere. Then, f is almost everywhere bounded, and supported on E

and lim /X Fodp = /X Fdu.” [7]

n—oo

1
b) True/False: The function f: R — [—00, c0] defined by f(z) = — is integrable on
x

a) Let (X, S, 1) be a measure space and let f, g be non-negative measurable functions on X.
Let E, F be disjoint measurable subsets of X. Prove that fdu = / fdp +/ fdp.
EUF E F
Also prove that if f < g then / fdu < / gdp. [5]
X X
b) Let X =Y =0,1]. Give X the Lebesgue measure m and Y the counting measure p. Let
f(xz,y) = 1ifz = y and 0 otherwise. Show that / / f(x,y)dudm # / / f(x,y)dmdpu.
xJy Y JX
[5]

a) Prove Minkowski’s Inequality: “Let 1 < p < oo. Let f and g be p-integrable. Then f + ¢
is also p-integrable and | f + gll, < [|f[[, + [lgllp”- [7]

b) True/False: L?(N) C L'(N) where the measure considered is the counting measure.  [3]

a) Let (X,S, ) be a measure space and h € L'(X) be a non-negative function. For each

E € S, define v(E) = / hdp. Show that v is a finite measure on S. [5]
E

b) Let [a,b] C R and f be a function of bounded variation on [a, b]. Show that f is bounded
and | f]| is of bounded variation. [5]

a) Let f : [a,b] = R be an absolutely continuous function such that f’ = 0 almost everywhere
on [a,b]. Show that f is a constant. [7]

b) Show that a Lipschitz continuous function is of bounded variation. [3]
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