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Answer any 7 questions 7X10=70
1. Show that T is a surjective linear isometry if the map T: [P (n)" — 19(n) is defined by
T(F) = (f(el),f(ez), ...,f(en)), where f € (IP)',e; € K such that e;(i) = 6;; fori,j =
1,2,..,n. [10]
2. State and Prove Schur’s lemma. [10]
3. Let X be a normed linear space and A: X — X be a compact operator. Then show that
deig(A) is a countable subset of K and zero is the only possible limit point of g,;4(A).
[10]
4. State and Prove spectral mapping theorem. [10]
5. a)Let X and Y be normed linear spaces and T: X — Y be a surjective linear isometry
then show that T": Y’ — X' is a surjective linear isometry. [5]
b) Let X and Y be Hilbert spaces and ¥: X X Y - K be a bounded sesquilinear
functional. Prove that there exists a unique bounded linear operator A: X — Y such
that ¥(x,y) =< Ax,y > forall (x,y) e X X Y. [5]
6. Let X be a Hilbert space over C and A € B(X) such that < Ax,x >€ R forallx €
X. Then, prove that A is self adjoint operator. [10]
7. Let X be a Hilbert space over C and A € B(X).Then, show that
i) A is normal iff [|Ax]|| = ||A*x]| for every x € X [5]
i) A is unitary iff A is surjective and ||Ax|| = ||x|| for every x € X [5]
8. If A € B(X) is a self-adjoint operator, then show the following results
) {aa,Ba} € 0(4) S [ay, B4l [3]
i) 15:(4) = ||A|| = ry(A) = max{|a, |,|Bal} [5]
9. Let A be a compact self adjoint operator on X and {4;: i € A} be the set of all non-zero
eigen values of 4. For each i € A let {ul®, u?, ...,u,(,"l)l.} be an orthonormal basis of
N(A — A;1). Then Ax = ZieAZ;n"/li < x, uJ‘: > uJ‘: ,V x € X and
Uie€ A{uf),ugi), ...,uffl)i} is an orthonormal basis of N(4)* when A is of infinite rank
then show that [|A — X7_; A;P;|| < max |2;| - 0 asn - . [10]
i>n
10. a) Let X be a separable Hilbert space, show that every Hilbert-Schmidt operator on X
is a compact operator. [5]

b) Let X, Y be Hilbert spaces and T: X — Y be a compact operator.
Let {(o,, uy, vy):n € A} be a singular system of T. Then, show that
i) {uy:n € A} is an orthonormal basis for N(T)*

i) {v,:n € A} is an orthonormal basis for R(T). [5]
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