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PART A
Answer any FIVE full questions. (5x10=50)

1.
(a) Define Parity Operator. Prove that the parity operator is Hermitian and unitary.

(b) Explain how symmetric and antisymmetric wave functions are constructed from
unsymmetrized solutions of the Schrodinger equation of a system of indistinguishable
particles. [5+5]

(@) A particle of mass m is moving in a one-dimensional box defined by the potential
V(x): 0 OSXS‘? . Estimate the ground state energy using the trial function:
0 Otherwise

Y(x)=Ax(a—x), 0<x<a .

(b) In the WKB approximation, assuming the momentum p(x)=v2m(E—V(x)) to be

varying slowly and assuming the wavefunction to be of the form: lp(x):A(x)eiq)(X) ,

obtain the differential equations for A(x) and ¢ (x) . [5+5]

3. For a Hydrogen atom placed in a constant electric field € , obtain an expression for the
perturbed Hamiltonian. Using this, derive the first order perturbation to the ground state
Energy. The wavefunction for the ground state of Hydrogen atom is:

1 —rla
w1oo(r:6:¢):—3€ /
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4. For time dependent perturbation on a state |¢,) , the components of eigenstates evolve
(1)

through the equation: i% dtk =e"(¢,|W|9,) to put the system into the final state |¢,)

(a) Write this as an integral equation.

(b) From the integral equation for b, write down the transition probability Pl.f from an
initial state i to afinal state [ . [2+8]

5. Atwo fold degenerate system ( |¢(n°>>: cl|1p§0) >+ Ck\lp(ko)> ) is perturbed by a Hamiltonian

W=A W where A is a parameter that characterizes the perturbation such that
A <1 andthe new Hamiltonian is givenas H=H,+AW (where H, isthe

unperturbed Hamiltonian such that H,, |w50)>=E§0)|w(IO)> and H, |w£{0)>:EEO>|w<kO)> )
If we assume that the eigenfunctions as well as the energy in the Schrodlnger equatron

H|vy, )= E N’n> are also perturbed suchthat | )=|¢p" >+7\.|U‘)n Y |1pn pE
and E, E +}\E L4 En ... . Obtain and expression for EV

n

6. Write down the time-independent Schrodinger Equation of a Free Particle in 3-dimensions. |f
the wavefunction is assumed to be separable, decompose the system into the radial, polar and
azimuthal equations. You may take the Laplacian in Spherical Polar Coordinates to be

2
20 |, 0 511119a 1 o

0
sin 050 "or|To0 00 smr95¢2

or 50

described by: V =
resin 6

7. Describe scattering by a potential with a figure. Explain the various terms and obtain the
asymptotic form for the scattered wave.

PART-B

Answer any 4 guestions (4x5=20)

[Constants: h=6.626070x10** J s (Planck's constant), 1eV = 1.6x10*° J (electron volt to
Joules), ¢=2.99792458x10° m/s (speed of light), 1A = 1x10"°m (Angstrom to meters), e =
1.602176x10™ C (electronic charge), = 8.85418782x10""m~kg”'s*A? (permittivity of free space),
Mproton=1.672621898x10%'kg (mass of proton), Meiecron=9.10938356x10°'kg (mass of electron),
Myeutron=1.674927471x10%kg (mass of neutron), a = 5.029x10"°m (Bohr radius), a = 1/137
(Fine Structure Constant), G=6.674x10"m3g's? (Gravitational constant), Mo=1.9891x10%* kg
(Solar mass), Ro=6.9x10® m (Sun's Radius), o = 5.67x10®
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8. The matrices of the unperturbed ( i ) and the perturbation ( W ) Hamiltonians in the

. E +e€ 0 0 A
orthonormal basis and are: HY=| "o s W=
[0,) [0.) 0 b e
Determine
(a) The first order correction to energy
(b) Second order correction to energy
(c) Wave function corrected to first order [1+2+2]
9. Given that the transition probability from state i to state f is given by the expression
b iogt! ’ E,—E, . .
Pl.f(t):? e "o Wlg)dt’| where = fh and W s the time dependent
perturbation to the Hamiltonian. Compute the transition from ground state for a Harmonic
Oscillator subjected to a perturbation W=—xe " from t=0 to t=w (use the table of

integrals given).
10. Assuming a bouncing ball (bouncing from the ground to maximum height) to be having an
extra bounce such that the combined gravitational and bounce potential is described by a

potential of the form: V(y)zky2 where Kk is aconstantand y represents the vertical

coordinate along which the ball is bouncing. If H represents that maximum height to which
the ball bounces, determine the energy levels of the bouncing ball. The connection formula

implies that w(y):\/%sm hfp dy ' +Z for y<H
p\y

11. Normalize the trial function e“’ and evaluate the ground state energy of the hydrogen atom
2

ke
(given V (r) =— anduse V in Spherical Polar Coordinates).
r

12. Give the zeroth- order wave functions for helium atom
(a) in the ground state 1s?

(b) in the excited state 1s'2s'.
13. A particle scatters off of a finite barrier step potential containing three distinct regions with the

total energy E>0 , E<V, and E>0 respectively, where V| is the height of the
barrier. Obtain the relationship of the incident amplitude with that of the transmitted amplitude.

PH 9120_A_22



Table of Integrals

Geolomma Function:
T(x)=[ ¢ e dt

I'(n)=(n—1)!
!
F(l+n):—(2n)' N
2
(a) foo efzbtdt:i (I) J"Ldt: _; itan 1 _t
0 2b (*+b*) (2b°+2¢%) 2b b
o 1 3 3
b te 'dt=——: _ 1 .3 |53bt+bt” o aft
® . ab’ SO v e o B
P22t g 1 ’ bt*+8/3b°>—b°t it
(c) e " dt=——r: t _ 1 ot
Jlo 4b3 (n) I(t2+b2)4dt 16b5 (b2+t2)3 +tan b
3 bt*+8/3b°t°—b°t [t
(d) e *"dt=—" 1 it
f 8b' (©) f (t +b ~16b° (b*+t) @y
o 4 3 6 5 3.3 1.5
e e dr= t _ 1 [11bt’+40/3b°t"—5b"t 1t
(e) fo e (p) ‘f(t2+b2)4dt—16b (b2+t2)3 +5tan
® fwtse_mdtz 156 Q) J‘Ja/x—ldxzxva/x—1+a tan'(va/x—1]
0 8b
w 3/2
(50200 Jp = 45 — __ 2(1—ax)
o J, o (0 V- axdx=- =0
1, 1. 4t 5. 1 ; sin 'Wax
(h) ft2+b2dt—btan b) (s) f\/l—ax dx—2xV1 ax +—2\/E
. ]_ ]_ bt 1| t *© —at’+ ot JT 7%
i dt=— +t — t dt=+¢g
0 I(t2+bz)2 26| () b)) O Je Ve
() Jm t4e7“2‘2dt=3¢T (u) Jm t”ef“dt:nn—Jr,1 (Laplace Transform )
0 8a 0 S
1 1 [15¢°h+40b°5°+33b°t ft
® dt= +5tan ‘| —
(+b%)' " 16b7|(3t°+9bt +9b’t*+b”) b

PH 9120_A_22



34. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

A
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15. ~ Notation:| 4/
[ m m
1/2X1/2 +i 3 0 0 3 5/2 ! :
Yy = 4/—cosf i
[iz+12] 1] o o 1 4r 2X1/2 .05 o my my | Coefficients
I+1/2 -1/2|1/2 1/2| 1 3 X |+2 +1/2 1|3/2+43/2
F1/2 +1/2]1/2-1/2) Y] =—4/=— sinfe® +2 -1/2 1/5 a/5] 572 372
l—1/2—1/2 X 8m +1 +1/2| 4/5-1/5H41/2 +1/2
5 /3 1 +1-1/2| 2/5 3/5| 5/2 3/2
Yy = iz (— cos?6 — —) 0+1/2| 3/5 —2/5]|-1/2 -1/2
1x1/2 | 32 4w \2 2
32l 32 172 0-1/2| 3/5 2/5| 5/2 3/2
15 .. i -1 +1/2| 2/5 -3/5|-3/2 -3/2
112 1j/z 412 Yi=- - sinf cosfetd
2 —-1-1/2| 4/5 1/5| 5/2
+1-1/2] 1/3 2/3| 3/2 172 - 3/2x1/2 |
0+1/2| 2/3-1/3)-1/2-1/2 ) . /|+3/2 <1/z *i +"i +i Z241/2] 1/5 —a/5)-5/2
o1l 23 13| 572] ¥ =7\ 5 sint0e™® | SRV
-141/2| 1/3-2/3)-3/2 |+3/2 BV B
55 [3 | - +1/2 +1/23/4-1/4] 0 o0
43| 3 3/2%x1 +§j2 T +1/2-1/2[172 172 2 1
+2+1] 1|42 +2 [z 2 1|+3/2 +3/2 -1/2+1/2[1/2 -1/2] -1 -1
+2 ofi/3 230 3 2 1 +3/2 0| 2/5 3/5] 572 3/2 12 -1/2 -1/2(3/4 1/4] 2
+1 +112/3 -1/3] +1 +1 +1 +1/2 41| 3/5 —2/5 4172 4172 +1/2 -3/2 +1/2| 1/4-3/4|-2
+2 -1|1/15 1/3  3/5 +3/2-1[1/10  2/5 1/2 l3r2-1/2] 1
1x1 | 2 +1 ole/1s 1/6-3/10] 3 2 1 +1/2 0| 3/5 1/15 -1/3| 572 3/2 1/2
21 2 1 0+1| 2/5 -1/2 1/10] 0o 0 0 -1/241(3/10 -8/15 _1/6|-1/2 -1/2 -1/2
Eraa] L)es 41 +1-1[1/5 1/2 3/10 +1/2-1|3/10 8/15 1/6
|+1 ofirz 12 2 1 0 0 of;s o-zs5| 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
ot1fi/2-1/2| 0 0 o -1+11/5-1/2 3/10] -1 -1 -1 -3/2+1|1/10 -2/5 1/2}-3/2 -3/2
+1-11/6 1/2 1/3 0-1| 2/5 1/2 1/10 |—1/2—1 3/5 2/5] 5/2
0 of3 o0-1/3[ 2 1 -1 0|8/15-1/6-3/10] 3 2 —3/2 0| 2/5 -3/5}-5/2
-1+1)1/6-1/2 1/3]-1 1 -2 +1[1/15 -1/3  3/5| -2 -2 [z-1] 1
0-1)1/2 1/2| 2 |71 -1|2/3 1/3| 3
¥, Py -1 ofi/2-1/2]-2 -2 0[1/3-2/3]-3 (j1j2mama|j1jaJ M)
-1l 1],e _ A7 —im¢  |2-1]1 = (=1)/ 9192}y i
dmo=1\lgy1 Y ¢ (-1) (Gasrmama |j2j1J M)
; o : =
di, = (—1ymm'gd =g ’ 3/2%x3/2 s i 1/2 [4 1 1+cosé
m',m m,m/ —m,—m/ 3 2 djg=cosf d =cos— dj;=—7
+3/2 +3/2 | _1|+2 42 0,0 1/2,1/2 2 1.1 )
2%3/2 |12 in
S N e oA B I - ™ e W
24372  1]+s5/2+45/2 i o 12— 2 : V2
+3/2-1/2 |Af5 1/2 3/10
+2+1/2( 3/7 4/7] 7/2 5/2 3/2 +1/2+1/2 |3/5 0 —2/5 3 2 1 0 1 1—cosf
+143/2| a/7-3/13/2  +3/2 +3/2 Cihishlifir ol & 5 5 b di1=—
ﬁ:ig i;; 1%332 Z; 72 5/2 3/2 1/2 [13/2 =3/2 11/20 14 120 44
7 - 9/20 1/4-1/20-1/4
2X2 : o 0+3/2] 2/7-18/35 1/5] +1/2 +1/2 +1/2 +1/2 175 1% Va0 i m AT T I
.
G242] 1] 43 43 +2-3/2| 1/35 6/35 2/5 2/5 -3/2 +3/2 |1/20 -1/4 9/20-1/4] -1 -1 -1
+1-1/2(12/35 5/14 0 -3/10 +1/2-3/2| 1/5 1/2 3/10
2 +lll/z /2] & 3 2 0+1/2|18/35 -3/35 -1/5 15| 7/2 5/2 3/2 12| |1 isn| s o cosl s 2
1 42]1/2-1/2)+2 +2 +2 —1+3/2] 4/35-27/70 2/5 -1/10| -1/2 -1/2-1/2 -1/2| | 354172 1/5-1/2 3/10| =2 -2
+2 0[3/14 1/2 2/7 +1 —3/2 | 4/35 27/70 2/5 1/10
#1411 4/7  0-3/7| 4 3 2 1 0 -1/2 18/35 3/35-1/5 -1/5 |’1/2 etz izl 3
0+2]3/14-1/2 2/7] 41 41 41+ -1 4172 l2/35 -5/14 0 3710 772 5/2 3/7) K32 ZL/2]1/2-1/2ks
[ =3 | A% 5/0 &/0 /5 -2 +3/2 | 1/35 —6/35_2/5 —2/5|-3/2 -3/2-3/2 Esrz-3/2] 1
b1 0| 3/7 1/5-1/14-3/10 0 —3/2| 2/7 18/35 1/5|
0 +1 | 3/7 -1/5-1/14 3/10 4 3 2 1 0 —1 —1/2| 477 =1/35-2/5| 1/2 s/2
1 2 JUARS8/30 ST s o © o 9 © 2 _s1/2| 1/7-16/35_2/5] -5/2 -5/2
+2 —2 | 1/70 1/10 2/7 2/5 1/5 “1-3/2| 4/7 3/ 772
+1 -1 | 8/35 2/5 1/14 -1/10 -1/5 —2-1/2| 3/71_-4/7}-7/2
o o [18/35 0-2/7 0 1/5
-1 +1 | 8/35 -2/51/14 1/10 -1/5] 4 3 3 1 |-2-32] 1
4302 l+cos@ 6 -2 +2 [ 1/70-1/10 2/7 —2/5 1/5] -1 -1 -1 -1
3/2,3/2 = 5 Bp +1 -2|1/14 3/10 3/7 1/5
1+ cosf\2 0 -1| 3/7 1/5-1/14-3/10
L L PR (i) -1 0| 3/7 -1/5-1/14 30| 4 3 2
3/2,1/2 2 2 ? 2 —2 +1|1/14-3/10 3/7 -1/5] -2 -2 -2
32 1—cos6 @ 9 _ 14cosf . 0 -2(3/14 1/2 2/7
d3;2’71/2 = N/ET s 5 djy=-— sing -1 -1{ 47 0-3/7] 4 3
1+C030 -2 0]3/14 -1/2 2/7] -3 -3
- 2 _
d3/2 = _I—COSG sing d%u = ﬁ sin? 6 d1,1 — ) (2005‘9— 1) -1 -2]1/2 172] &
3/2,-3/2 2 2 . 4 -2 -1|1/2-1/2|-4
3/2 3cosf—1 @ 2 1—cosf . 8 [= 2|1
=2 cos— PE il sin @ cos @
d1/2,1/2 3 cos d3 sin @
3/2 3cosf+1 . 6 9 1—cosf\2 9 1—cosf 9 3 4, 1
011/2’_1/2 St —— ity dj_o= — di_ = — (2cosd +1) dgo= Dl 09— 5

Figure 34.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose ( Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.
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