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1. The paper contains TWO pages.

2. Attempt any SEVEN FULL questions.

3. All multiple choice questions have one or more correct option. Write all the correct options in your
answer booklet.

a) Give an example of a sequence of partitions of [0, 1]. Using sequences of partitions, show that the function

f:10,1] = R defined by f(x) = e” is integrable. [1+6m)]
. n n n n n )
b) The value of Jim, <n2+1 T iR TR +“'+nu4n2> [m]
i. tan=1(0) ii. tan=1(1) iii. tan=1(2) iv. tan~!(4)

a) Show that if f is integrable on [a,b] and if f(z) = g(z) for all x € [a,b] except at a € [a,b], then g is
b b
Riemann integrable and / f= / g. [7Tm)]

b) Which of the following is/are true? [3m]

i. If f is continuous and g is integrable then fog iii. If f is differentiable and g is integrable then fog
is integrable. is integrable.

ii. If f and g are integrable then fog is integrable. iv. If f and g are continuous then fog is integrable.

b
a) If f is continuous on [a,b] and / f = 0 then prove that there is a point ¢ € [a,b] such that f(c) = 0.

Further, if f > 0 then prove thataf =0 for all x € [a, b]. [7m)]
1 2x
b) The value of lim — e Pt is, [3m]
z—=0x /.
i1 ii. 0 iii. oo iv. oscillates

a) Let {f.} be a sequence of functions such that |f,(x)| < L,, for all  where L,, > 0 for all n. Show that if

fn converges uniformly to f then f is bounded. [3m]

b) Examine the convergence of f,(z) in the range [0, 2]. [4m]

- 1+2zn

1 1
c) Let f, be a sequence that converges to f. In which of the following cases is li_)m / fn= / f?7 [3m]



i fule) =na(l—a?)", [ =0 fal@) =2 f =
nz?, 0<z<1/n
i. fn(x) = 1—|—n22’f v f"(>_{x, n<z<1 =z
s r+n
5. a) Show that the series Z(— "——— is uniformly convergent. [6m)]
n
n=1
[e.e]
. (x 4+ 1)"
b) The power series —1)"~——— converges on 4m
) The p > comens [4mm)
i. 10,2) ii. (0,2) ii. (—2,0] iv. [=2,0]
6. a) Show that every superset of an infinite set is infinite and every subset of a finite set is finite [6m]
b) Which of the following is/are true for a function f: X — Y? [4m]

i. If f is injective and Y is countable then so is X

ii. If f is surjective and Y is countable then so is
X

7. a) Show that d : R" x R"™ — R defined by d(z,y)

distance from (1,1,---,1) to (1,2,3,--- ,n).

/|f

i. Set of continuous functions on [0, 1]

b) Let d(f,g)

ii. Set of monotonic functions on [0, 1]

8. a) Define a closed sphere and a closed set in a metric space.

sphere is a closed set.

b) Which of the following are true for subsets A, B of R with usual metric?

i. int(AN B)
ii. int(AU B)

= int(A) Nint(B)
= int(A) U int(B)

9. a) State and prove the Baire’s category theorem.

b) Which of the following metric spaces are complete?

i. (0,1) with discrete metric d(z,y) =0if z =y
and 1 otherwise.

ii. (0,1) with metric d;(z,y)
is usual metric

= min{d, 1} where d

10. a) Prove that a subset of a complete metric space is closed if and only if it is complete.

b) Which of the following is/are true for a continuous function f: X — Y7

. ... O

-3 k-

x)| dz. On which of the following sets is d a metric?

iii. If f is injective and X is countable then so is Y

iv. If f is surjective and X is countable then so is
Y.

y;| is metric on R™. Further, compute the
[54+2m)]
[3m]

iii. Set of differentiable functions on [0, 1]

iv. Set of integrable functions [0, 1]

Prove that in a metric space, every closed

[24+4m]
[4m]
iii. (ANB)=ANB
iv. (AUB)=AUB
[8m]
[2m]

iii. (0,1) with metric di(z,y) = min{d, 1} where d
is discrete metric
iv. (0,1) with usual metric d(z,y) = |z — y|

[7ma]
[3m]



i. If {zy} is Cauchy then so is {f(x,)} iii. If {x,} is convergent then so is {f(zn)}
ii. If {f(zy)} is Cauchy then so is {z,} iv. If {f(x,)} is convergent then so is {z,}
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